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Law of sines real world problems worksheet

This section covers:Review of Right Triangle TrigWe learned about Right Triangle Trigonometry here, where we could “solve” triangles to find missing pieces (angles or sides).Here is a review of the basic trigonometric functions, shown with both the SOHCAHTOA and Coordinate System Methods. Note that the second set of three trig functions are just the
reciprocals of the first three; this makes it a little easier!Remember that the sin (cos, and so on) of an angle is just a number!Right TriangleSOH-CAH-TOA MethodCoordinate System Method\(\displaystyle \begin{align}\text{SOH: Sine}\left( A \right)=\sin \left( A \right)=\frac{{\text{Opposite}}}{{\text{Hypotenuse}}}\\\text{CAH: Cosine}\left( A \right)=\cos \left( A
\right)=\frac{{\text{Adjacent}}}{{\text{Hypotenuse}}}\\\text{TOA: Tangent}\left( A \right)=\tan \left( A \right)=\frac{{\text{Opposite}}}{{\text{Adjacent}}}\end{align}\)\(\displaystyle \begin{align}\text{cosecant}\left( A \right)=\csc \left( A \right)=\frac{1}{{\sin \left( A \right)}}=\frac{{\text{ Hypotenuse}}}{{\text{Opposite}}}\\\text{secant}\left( A \right)=\sec \left( A \right)=\frac{1}
{{\cos \left( A \right)}}=\frac{{\text{ Hypotenuse}}}{{\text{Adjacent}}}\\\text{cotangent}\left( A \right)=\cot \left( A \right)=\frac{1}{{\tan \left( A \right)}}=\frac{{\text{ Adjacent}}}{{\text{Opposite}}}\end{align}\) \(\displaystyle \begin{align}\sin \left( A \right)=\frac{y}{h}\\\cos \left( A \right)=\frac{x}{h}\\\tan \left( A \right)=\frac{y}{x}\end{align}\)\(\displaystyle \begin{align}\csc
\left( A \right)=\frac{1}{{\sin \left( A \right)}}=\frac{h}{y}\\\sec \left( A \right)=\frac{1}{{\cos \left( A \right)}}=\frac{h}{x}\\\cot \left( A \right)=\frac{1}{{\tan \left( A \right)}}=\frac{x}{y}\end{align}\)We use the Law of Sines and Law of Cosines to “solve” triangles (find missing angles and sides) when we do not have a right triangle (which is called an oblique triangle). This
is a little more complicated, and we have to know which angles and sides we do have to know which Law to use, but it’s not too bad.Note that the Law of Sines can still be used to solve Right Triangles, using the 90° angle as one of the angles. It just turns out that the sin of 90° is 1; so it turns into a SOH case.Law of SinesThe Law of Sines (or Sine Rule)
provides a simple way to set up proportions to get other parts of a triangle that isn’t necessarily a right triangle.We use the Law of Sines when we have the following parts of a triangle, as shown below: Angle, Angle, Side (AAS), Angle, Side, Angle (ASA), and Side, Side, Angle (SSA). Note that it won’t work when we only know the Side, Side, Side (SSS) or the
Side, Angle, Side (SAS) pieces of a triangle. (Remember that these are “in a row” or adjacent parts of the triangle).The only problem is that sometimes, with the SSA case, depending on what we know about the other sides and angles of the triangle, the triangle could actually have two different shapes (one acute and one obtuse). For these case, we have to
account for both those shapes (so we’ll basically have two answers for the triangle, or maybe even no triangle can be formed). This is called the Ambiguous Case, and we’ll discuss it below here.Once we know the formula for the Law of Sines, we can look at a triangle and see if we have enough information to “solve” it. “Solving a triangle” means finding any
unknown sides and angles for that triangle (there should be six total for each individual triangle).Note that we usually depict angles in capital letters, and the sides directly across from them in the same letter, but in lower case; see left-most column for Law of Sines:Law of SinesLaw of CosinesUse Law of Sines when you have these parts of a Triangle in a
row:   *This is where we have to look for the ambiguous case – remember “bad” word.Use Law of Cosines when you have these parts of a Triangle in a row:One way I help remember the Law of Cosines is that the variable on the left side (for example,\({{a}^{2}}\) ) is the same as the angle variable (for example \(\cos A\)), and the other two variables (for
example, \(b\) and \(c\)) are in the rest of the equation.Note: When using the Law of Cosines to solve the whole triangle (all angles and sides), particularly in the case of an obtuse triangle, you have to either finish solving the whole triangle using Law of Cosines (which is typically more difficult), or use the Law of Sines starting with the next smallest angle (the
angle across from the smallest side) first. This is because of another case of ambiguous triangles.Let’s do some problems; let’s first use the Law of Sines to find the indicated side or angle.Remember that if we can’t solve it from what we have, and we have two of the three angles, we can obtain the third angle from Geometry (the sum of angles in a triangle is
180°).Note that the triangles aren’t typically drawn to scale, meaning the angles and side measurements don’t exactly match the pictures. When I draw the triangles, I typically put the A and B angles on the “ground”.When you try to draw the triangles to scale, you’ll see that larger angles are opposite larger sides, and smaller angles are opposite smaller sides.
This could be a way you can check to see if you’re getting the correct answers.And don’t forget to put your calculator in “DEGREE” mode.I tend to round the angle measurements to a tenth of a degree, and the side measurements two decimal places (hundredths). If you want more accurate measurements when you start calculating the other sides and
angles, you can use the STO> function in your calculator, or retype the long decimals you may get. To do this, use “STO>X” after seeing the value you want stored, and then “X” when you want to retrieve that value.Using Law of Sines Formula to Find Indicated Parts of TriangleSolve for a:\(\displaystyle \frac{{\sin A}}{a}=\frac{{\sin B}}{b}=\frac{{\sin C}}{c}\)We
have an AAS case, so we have:\(\displaystyle \frac{{\sin \left( {44} \right)}}{{12}}=\frac{{\sin \left( {73} \right)}}{a}\)Cross multiply (put calculator in DEGREE mode) to get:\(\displaystyle a=\frac{{\sin \left( {73} \right)\cdot 12}}{{\sin \left( {44} \right)}}=16.52\)Solve for A:\(\displaystyle \frac{{\sin A}}{a}=\frac{{\sin B}}{b}=\frac{{\sin C}}{c}\)We have an SSA case that
happens not to be the ambiguous case. (We’ll see below how to determine this). So, we have:\(\displaystyle \frac{{\sin A}}{{25}}=\frac{{\sin \left( {140} \right)}}{{45}}\)Cross multiply (put calculator in DEGREE mode and use 2nd SIN for \({{\sin }^{{-1}}}\)) to get:\(\displaystyle A={{\sin }^{{-1}}}\left( {\frac{{\sin \left( {140} \right)\cdot 25}}{{45}}} \right)=20.9{}^\circ
\)Here’s how we can put this in the graphing calculator with DEGREE mode:Solve for B:\(\displaystyle \frac{{\sin A}}{a}=\frac{{\sin B}}{b}=\frac{{\sin C}}{c}\)We have an ASA case, but we need to find the missing angle C by knowing that the sum of angles in a triangle is 180°; the missing angle is \(180-(63+74)=43\)°.Now we have:\(\displaystyle \frac{{\sin \left(
{43} \right)}}{{42.2}}=\frac{{\sin \left( {74} \right)}}{b}\)Cross multiply (put calculator in DEGREE mode) to get:\(\displaystyle b=\frac{{\sin \left( {74} \right)\cdot 42.2}}{{\sin \left( {43} \right)}}=59.48\)Here are some problems where we need to “solve” the triangle, using the Law of Sines.  Again, solving the triangle means finding all the missing parts, both sides and
angles.Using Law of Sines Formula to Solve Triangles\(m\angle A=25{}^\circ ,m\angle B=105{}^\circ ,a=450\)Let’s first draw the triangle. Note that we can get the measurement of Angle C since \(25+105+50=180°\):\(\displaystyle \frac{{\sin A}}{a}=\frac{{\sin B}}{b}=\frac{{\sin C}}{c}\)We have an AAS case, and we have:\(\displaystyle \frac{{\sin \left( {25} \right)}}
{{450}}=\frac{{\sin \left( {105} \right)}}{b}=\frac{{\sin \left( {50} \right)}}{c}\)Solving for b and c, we get: Angles:Sides:A:    25°a:    450B:   105°b:   1028.51C:    50°c:    815.68\(m\angle A=30{}^\circ ,m\angle B=110{}^\circ ,c=12.5\)Let’s first draw the triangle. Note that we can get the measurement of Angle C since \(30+110+40=180°\):\(\displaystyle \frac{{\sin A}}
{a}=\frac{{\sin B}}{b}=\frac{{\sin C}}{c}\)We have an ASA case, and we have:\(\displaystyle \frac{{\sin \left( {30} \right)}}{a}=\frac{{\sin \left( {110} \right)}}{b}=\frac{{\sin \left( {40} \right)}}{{12.5}}\)Solving for a and b, we get: Angles:Sides:A:    30°a:    9.72B:   110°b:   18.27C:    40°c:    12.5\(a=22,\,\,\,b=14,\,\,\,\,m\angle A=110{}^\circ \)Let’s first draw the triangle:\
(\displaystyle \frac{{\sin A}}{a}=\frac{{\sin B}}{b}=\frac{{\sin C}}{c}\)We have an SSA (non-ambiguous) case, and we have:\(\displaystyle \frac{{\sin \left( {110} \right)}}{{22}}=\frac{{\sin \left( B \right)}}{{14}}=\frac{{\sin \left( C \right)}}{c}\)Solve first for angle B (cross-multiply and use 2nd SIN), to get B = 36.7°. Then we can get C: \(180-(110+36.7)=33.3°\). Now we
can complete the table: Angles:Sides:A:    110°a:    22B:    36.7°b:    14C:    33.3°c:    12.85Law of Sines Ambiguous Case (SSA)When we have the Side-Side-Angle (in a row) case (SSA), we could have one, two, or no triangles formed, and we have to do extra work to determine which situation we have.In these cases, I always like to draw my triangle with
the known angle on the bottom left (even if that angle is B or C), so I can see what’s going on. If the side directly across from this angle (the paired side) is less than the side touching this angle, we will probably have an ambiguous case (or may have no triangle that can be formed).In this situation, if we get an error message in the calculator when trying to get
the other angle using Law of Sines, or, in the case of an obtuse triangle, we get more than 180° for the triangle, there is no triangle that can be formed with the numbers given (and that’s the answer).For acute triangles, if we get an answer other than 90°, we will have two triangles that can be formed, and the second angle is 180 minus the angle we just got
(one will be acute and one will be obtuse). We can then solve for two different triangles (the given two sides and one angle for the two triangles will be the same). If we do get 90° for the second angle, we have one right triangle. This happens when the height of the triangle equals the paired side (the side across from the known angle).Here’s an illustration of
this:Law of Sines Ambiguous Case:  Given: a, b, and A (SSA) For obtuse triangles, we’ll have either one triangle (when \(a>b\)) or no triangle (when \(a\le b\)).For acute triangles:If \(a\ge b\), we are OK: one triangle! Proceed as we did above with Law of Sines: \(\displaystyle \frac{{\sin A}}{a}=\frac{{\sin B}}{b}=\frac{{\sin C}}{c}\).If \(a\) the height \(h\) of the
triangle), one triangle (if \(a=h\)), or no triangle (if \(ah\), we can form two triangles with side \(b\):  one with sides \(a\) (to the right above) and \({{c}_{1}}\), and the other with sides \(a\) (to the left above) and \({{c}_{2}}\). Then angles \({{B}_{1}}\) and \({{C}_{1}}\) will be associated with \(a\) and \({{c}_{1}}\), and angles \({{B}_{2}}\) and \({{C}_{2}}\) will be
associated with \(a\) and \({{c}_{2}}\), and we use the formulas below. To get \({{B}_{2}}\), we simply subtract \({{B}_{1}}\) from 180°: \({{B}_{2}}=180-{{B}_{1}}\).             \(\displaystyle \frac{{\sin A}}{a}=\frac{{\sin {{B}_{1}}}}{b}=\frac{{\sin {{C}_{1}}}}{{{{c}_{1}}}}\)     and    \(\displaystyle \frac{{\sin A}}{a}=\frac{{\sin {{B}_{2}}}}{b}=\frac{{\sin {{C}_{2}}}}{{{{c}_{2}}}}\) .Now
we’ll have all 6 parts for each of the two triangles, with \(a, b\), and \(A\) being the same for both.Let’s do some problems, so it won’t seem so confusing. Solve for all possible triangles with the given conditions:Law of Sines SSA Ambiguous Case Problems – Solving Triangles\(b=25,\,\,c=20\,,\,\,m\angle C=130{}^\circ \)Let’s first draw the triangle (which is
obviously not to scale):Since this is an obtuse triangle, and since \(20
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